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Abstract

Most models of monetary union (MU) are two country, here
we develop a simple n-country Factor-OCA approach and con-
sider the costs and benefits of joining an MU, the costs and ben-
efits for third parties (both MU members and non members) and
hence we can consider the optimal composition of an MU for the
different parties. We show the model in practice with various
simulations and two empircial applications based on EMU and
Nafta. While recent commentators have called for a one-world
curency, we find monetary integration has costs for some coun-
tries and benefits for others, perhaps explaining why this remains
an issue of considerable interest and debate.

1 Introduction

Mundell (1961), Mckinnon (1963) and Poole (1970) provided path-
breaking theoretical models to consider when countries should consider
adopting a common currency. These papers gave rise to what are now
referred to as the Optimal Currency Area (OCA) conditions. OCA
theory has hence become an essential element of the toolkit of inter-
national economists and these earlier papers have now spawned a wide
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literature!. However, most OCA models are essentially two-country, sug-
gesting when a country should "fix" to another country often thought of
as the rest of the world. Such models are then restrictive in analyzing
a set of important issues, such as what is the effect on a third country
when two other trading partners form a monetary union and how two
current members of a monetary union are affected if a third, fourth and
fifth country joins in and (hence) what the optimal membership of a
monetary union might be for a particular country. These are not sim-
ply interesting theoretical issues but they are also of significant practical
importance. In the context of EMU, 12 countries have now adopted
the single currency. The EU enlargement process implies that there
are now 25 EU countries and hence a large number of potential new
members. Was EMU a good deal for its members, would it be beneficial
if, say, the UK joined and what is the potential effect of EMU on other
nations? NAFTA has to date only encompassed a trade agreement but
there has been a debate in both Mexico and Canada whether it should
not also encompass a single currency. Would this be beneficial for the
three countries involved, should Chile join in? What would be the effect
on other countries? Some commentators continue to call for a single
world currency or at least an agreement between the three large mone-
tary areas (the US, EMU and Japan). Would this be beneficial and how
would such an agreement affect other countries? Most existing models
do not capture the multi-country aspects involved in these questions.
This paper constitutes a first attempt at developing a simple framework
capable of considering these various different interaction effects. We
develop what might be considered a "reduced form" version of a OCA
model and extend it to the case of n countries. Given the similarities,
our model might be described as the Factor Approach meets OCA.

In particular, we assume countries are affected by four types of
shocks; idiosyncratic and systemic shocks, both real and monetary in
nature. We then develop equations for GDP volatility as a function of
simple underlying characteristics of countries and, in particular, their de-
pendence on systemic shocks (a type of beta coefficient), the size (volatil-
ity) of the idiosyncratic shocks, and the choice of exchange rate regime.
While we label shocks as real or monetary, they can be interpreted more
widely as shocks to which it would be desirable for the exchange rate to
respond, and shocks that might shift the nominal exchange rate away
from some desired path (in terms of GDP stabilization), respectively.

ISee for example Bayoumi (1994) for a formal model of OCAs, Bayoumi and
Eichengreen (1994) on OCA and Nafta, Bean (1992) on OCA and Europe, Buiter
(1999) on OCA and the UK, and Masson and Taylor (1993) and Willett (1999) for

more recent reviews.



This relatively simple framework allows us to consider the effect of a
monetary union in a subset of countries on the members of the union
and on other countries. We illustrate these and other points in a set of
simulations.

We also provide a set of empirical applications of the model. We
conduct a factor analysis that exstracts one real and one monetary sys-
temic factor from the data. In VAR exercises we check that our factors
do indeed correspond to the above mentioned shocks and then use the
VAR results to decompose movements in GDP and exchange rates into
the systemic dependence of each country on those factors and idiosyn-
cratic movements. To illustrate the model in practice, we consider two
specific simulations in the empirical section. The first is based on EMU,
and we consider whether this monetary arrangement is beneficial for its
members, whether the UK should join, and the effect of the introduction
of the Euro on other countries. We also consider what would happen
if EMU were then extended to a world currency. A second simulation
starts with Nafta where we consider whether it would be beneficial for
the US, Canada and Mexico to form a monetary union, and the effect of
such a monetary union on other countries - for example Chile. We also
ask the question whether Japan and EMU members and other countries
should join to form a one world currency.

The paper proceeds as follows. In the next section, we provide the
basic theoretical model. In section 3 we then consider a set of initial
simulations regarding CU’s and dollarization. In section 4 we present
the empirical application and simulations and section 5 concludes.

2 The Model
2.1 A reduced form n country OCA model

Our model is a reduced form version of the OCA conditions inspired
by the early work of Mundell and Poole but that we think nests many
views regarding the costs and benefits of currency unions. We start with
a world of floating exchange rates between n countries and an initial
equation for output for each country 7 of the form:

n—1
«
AGDP, = AR — — ; Asyjw;. (1)

In this specification, real shocks AR;, which affect output directly,
can be smoothed by exchange rate adjustments As;; against the n — 1
other countries. Here, « is the smoothing effect of the nominal exchange
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rate movement and w;; is a weight respresenting the importance of the
parity with country j to smooth country « GDP. More succinctly we
can write this equation as:

G=R-a(SWT)". 2)

Where G and R are (n * 1) column vectors of the change in GDP and
the real shocks for the n countries respectively, S is a n % n matrix of
the change in the bilateral exchange rates, W7 is the transpose of the
(n * n) matrix of weights and (.)” refers to the diagonal elements of a

matrix such that (S.WT)D is the (n x 1) column vector of the diagonal
elements of S.W7. Note that the diagonal elements of S and the diagonal
elements of W are all equal to zero and that the elements of S are such
that s;; = —sj. The W matrix of weights, however, is not symmetric

(the US$/Mexican peso exchange rate is more important for Mexico to
smooth Mexican GDP than for the US to smooth US GDP).

We assume that each bilateral exchange, is determined by a "mone-
tary approach to the exchange rate" equation as follows:

where, a positive (negative) shock to output (AGDP) or a negative
(positive) monetary shock (AM) for country ¢ (country j) results in an
exchange rate appreciation.

In this set-up the monetary shocks should be interpreted as devia-
tions from an optimal monetary policy rule and represents the fact that
under floating the monetary supply cannot be perfectly controlled. The
special case of perfect monetary control can be translated into our model
with the assumption that the monetary shocks have a variance of zero
and the alpha parameter is large. GDP volatility under a float would
then be close to zero, even in the presence of real shocks. Our model
captures a more general view that there are certain limitations to using
monetary policy in this way and that monetary variables may not be
totally within the control of the monetary authorities’>. In contrast,
under fixed exchange rates, the stock of nominal money is endogenous
to shocks to real money demand. However, our assumption is that as

2As Buiter (1999) puts it, perhaps too strongly, "... objections to UK (EMU
membership) are based on the misapprehension that independent monetary policy,
and the associated nominal exchange rate flexibility, can be used effectively to offset
or even neutralise asymmetric shocks. This ‘fine-tuning delusion’ is compounded by a
failure to understand that, under a high degree of international financial integration,
market determined exchange rates are primarily a source of shocks and instability"
(quoted from the abstract of the paper).



the exchange rate remains fixed this endogenous adjutsment in nominal
money does not affect GDP3.

All of the elements of the exchange rate matrix, S are determined
simply by knowing all of the bilateral exchange rates of one country.
Consider country number 1, equation 2 for all the bilateral exchange
rates of country 1 may then be written as:

Si =Gy —G— (M, — M), (4)

where S7 is an (n — 1) % 1 vector of the changes in bilateral exchange
rates for country 1, Giis a (n— 1) * 1 vector with each element being the
change in GDP of country 1, G is now an (n—1) %1 vector of the changes
in GDP for each country excluding country 1, M; is an (n—1) % 1 vector
with each element being the monetary shock pertaining to country 1
and M is an (n — 1) * 1 vector of the monetary shocks for each country
excluding country 1. To fill the S matrix, it is enough to note that,
Sij = S15 — S14, (1 # j,1 # 1,5 # 1), and to remember that the matrix is
symmetric and the diagonal elements zero (s;; = —s;i, si; = 0).

Equations 1 and 4 form a system of n + (n — 1) equations where the
unknowns are the n changes in GDP and the n — 1 bilateral exchange
rates with country 1. In general, except where countries are symmetric,
analytical results are not available for the solution to this system. We
return later to a special symmetric case, where countries are considered
identical and hence the matrix of weights is uniform where we are able
to compute analytical solutions. However, as the system is linear the
solution may be written in the form:

G=AR+B.M (5)

where A and B are n xn matrices with each element being functions
of the weights and the parameter, a.

Under a regime of a single world currency it is clear that s;; = 0
for all currencies and hence from Equation 1, G = R*.Comparing this
equation with Equation 5, GDP volatility may be lower under floating
if each element of A.R is numerically less than each element of R. This
illustrates the potential for floating exchange rates to smooth the real
shocks. However, the cost of floating is that nominal or monetary shocks
may affect real GDP through exchange rate movements (B.M). It

3This specification can be seen as a reduced form of a general equuilibrium model
with incomplete markets as for example that suggested by Neumeyer (1998).
4 As discussed in this case M is endogenous and hence plays no role.



follows from the above that floating exchange rates will stabilize the
GDP of all countries if’:

AR+ B.M| < |R| (6)

Or alternatively if monetary shocks are sufficiently small:

|M| < |B~".[(I — A).R]| (7)

Where [ is the identity matrix. The benefit to choosing a floating
exchange rate is then that the exchange rate can act as a shock absorber
in the case of real shocks but floating also introduces the possibility
of monetary shocks that tend to move the exchange rate away from
a desired smoothing path. In this specification, real shocks can be
terms of trade, productivity or capital flow disturbances (sudden stops).
Monetary shocks can relate to money supply disturbances or changes
in money demand not related to the real side of the economy. The
important aspect of our monetary shocks is that they are shocks that
drive the exchange rate away from desired changes given the confluence
of real shocks.. Relating the model to the early work of Mundell
and others, countries that suffer large "monetary" shocks may find they
should fix whereas countries with low monetary shocks but that suffer
larger "real" shocks should float and use the exchange rate to smooth
those real disturbances.

Note that the presence of Sudden Stops - see for example Calvo
(2002) - might be thought of as a systemic real shock. Sudden Stops
impact the real economy through a decline in available funds for invest-
ment and in general require a significant current account adjustment.
These are then shocks where it would in general be advantageous to
respond with exchange rate flexibility. To the extent that a group of
countries suffer from such a shock simultaneously implies that the cost
of a monetary union between those countries would be low, although

®A world social planner might consider whether the Norm of R is greater or
smaller than the Norm of A.R+ B.M to decide if the world is better off with floating
rates or a one world currency. This would weight each country’s GDP volatility
equally in a world loss function. In this paper we do not go further into issues of
world welfare.

6We note that this set up abstracts from the ever-growing list of "new consider-
ations" that various authors have suggested should be included within OCA theory.
Willett (1999) includes as (new) considerations, "optimal public finance, the degree
of international currency substitution, the new classical view of policy effectiveness,
the informativeness of price and quantity signals, the controllability of the money
supply, time inconsistency problems and credibility issues".



if an individual country was more prone to such a "sudden stop" then
individual exchange rate flexibility would clearly be an advantage.

In short, this specfication provides a unifying framework and allows
for a high degree of flexibility to take into account a wide variety of
issues that have been discussed in the literature.

2.2 A factor approach to OCA

So far we have not defined what the real and the monetary shocks are.
In what follows we assume that there are individual and systemic real
and monetary shocks. This is the reason we label our specification a
factor approach to OCA. In particular we assume that each country’s
real shock AR; has both a systemic and an individual component:

AR; = ?65’ + ef, (8)

where for simplicity we assume a single systemic factor. Each country is
affected directly by individual shocks €!* or in response to world shocks

R

ef with adjustment coefficient 37 . Monetary shocks follow the same

pattern with systemic and independent components:

AM; = MM 4 M, 9)

In each case we assume that the individual shocks are independent
with respect to each other and of course with respect to the systemic
shocks. Using these definitions of the real and monetary shocks, changes
in GDP are then given by:

G = A€l + (ALY + B.eM + M(B.gY), (10)

where €f is a (n*1) vector of the individual real shocks, 3% is a (n*1)
vector of the senstivities or betas with respect to the world systemic
shock € (which is a scalar) and with similar notation for the monetary
shocks. The vector of GDP variances, Vpp, in this world of floating

exchange rates is then given by:

Float

Vapp = (A)Var + 02 (A5 + (B)* Vo + 02 (B.AY)?, (1)

where V r is an (nx1) vector of the variances of individual real shocks
and 02, is a scalar representing the variance of the world real systemic
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shock, with similar notation for the world systemic and individual mon-
etary shocks and where we use the notation that the square of a matrix
is equal to a matrix of its own elements squared, i.e.: (X)* = (2,). If
there is one world currency then GDP variances are given simply by:

Vapp = Var + ol .(B7)%. (12)

2.3 Partial Monetary Unions

The advantage of this framework is that it allows us to analyze the case
of monetary unions between k (k < n) countries. For example, in the
special case of G7, Germany France and Italy form part of EMU while
the other 4 float. Suppose we assume that the rest of the world is one
further country, then n = 8 and k£ = 3. With the 3 EMU members
ordered as countries 1 — 3, the matrix of bilateral exchange rates would
look like:

0 0 0 Sm4 Sm5 Sm6 Sm7 Sm8
0 0 0 Sm4 Sm5 Sm6 Sm7 Sm8
0 0 0 Sm4 Sm5 Sm6 Sm7 Sm8
g | S4mSamSam O s15 St6 a7 Sas
S5m Ssm Ssm 54 0 Sse S57 Sss
Sem S6m Sem S64 Sea 0 Se7 Ses
Stm Stm Stm S74 S74 S74 0 S78
S8m Ssm Ssm Ss4 Ss4 Ssa Sg7 0

where s,,,; is the exchange rate between the monetary union (EMU
in this case) and the non-EMU country 7. In this case, there are only 5
exchange rates to be determined - for example $,,4.....5,,5. We can then
determine all the other bilateral exchange rates in similar mode to that
above.

The exchange rate of the monetary union with its trading partners
is determined by Equation 4 that becomes:

Sm:Gm_Gj_(Mm_Mj)7 (13)

where S, is the (n—k) vector of bilateral exchange rates between the
monetary union and non-member countries. The definitions of G,, and
M, reflect the aggregaton of the country variables to that of the level of
the monetary union. The simplest assumption would be to assume that

8



each element of (7, is given by % Zi:Lk AGDP; and each element of M,

given by % Zi:L . M; where there are £ members of the monetary union.
This would be most appropriate for monetary unions where members

are of a similar size. However, where members are of different sizes
we assume below that each element of G, is given by >, , mAGDPF,
and each element of M, by >, , m;M; where >, , m; =1 and these

weights reflect the relative size of the economies in the monetary union.

2.4 Analytical Results: the symmetric case

In the case where all country weights are the same (ie: all non zero
elements of the W matrix are equal and we set them to equal 1/(n — 1)
such that - given each diagonal element is zero - the sum of each row is
unity), we obtain relatively simple analytical results. In particular, we
obtain simple representations for the A and B matrices. For the case
where all countries float we find that:

1— (n—1)a o o
(n—1)+na (n—l()—|—nlz§¢ (n—1)+na
(n—lo)[—l—na " (n=1)+na (n—lo)[—l—na
6% 6% _ (n—l)a
(n—1)+na (n—1)+na (n—1)+na ***
(’n*l)a —Q —Q
(n—1)+na (n—1)+na (n—1)+na "
—Q (Tl*l)a —Q
(n—1)4na (n—1)+na (n—1)+na "
—Q —Q (nfl)a
(n—1)4na (n—1)+na (n—1)+na **"
B =

The A matrix implies that a positive real shock to country ¢ increases
GDP of country 7 and a positive real shock to country j also increases the
GDP of country i as it produces a depreciation of the relevant bilateral
exchange rate, which is expansionary for 7. The diagonal elements of A



represent the effect of a real shock of country i on its GDP. While in the
one world-currency case (G = R) these terms would be equal to one, the
diagonal elements of A are strictly less than unity for strictly positive
a, as own-country real shocks are smoothed by exchange rate flexibility.
However, note that real shocks from other countries now affect country
17 through the movement of the flexible exchange rates while in a one

world currency the off diagonal elements would all be equal to zero”.

The B matrix illustrates that a positive monetary shock to country ¢
is expansionary for country i (as it causes an exchange rate depreciation)
whereas a positive monetary shock to country j is contractionary. In
general, monetary shocks in one country impact all countries through
the movement of the nominal exchange rates, but own monetary shocks
tend to be more important (the diagonal term is numerically larger than
the off diagonal terms as own monetary shocks affect all n — 1 bilateral
exchange rates of the own country) and if countries all have monetary
shocks of the same sign then they would tend to cancel each other out®.

For the case where the first k£ countries form a monetary union we

find that:

Q

1— (n—1)a —(n—k)a —(n—k)a o o
I{:E(nfl)Jrna) k(n—1)4+na k(n—1)+n« (n—1)4na (n—1)+n
(ko 1 ___(-Da —(n—k)a a a
k(n—1)4+na k((n—1)4+na) k(n—1)+n« (n—1)4na (n—1)+n
—(n—k)a fénfk @ 1— (n—1)a o o
k(n—1)4+n«a k(n—1)+n«a k((n—1)+na) (n—1)4na (n—1)4+na ***
= n—1)+na (n—1)+n
A [0} a . o] ((n,fﬁa ( o)¢+
(n—1)4+na (n—1)4+na (n—1)4+na (n—1)4+na (n—1)+na (n—1)+na "
ey a a o o (n—1)+a
(n—1)4+na (n—1)4+na (n—1)4+na (n—1)4+na (n—1)+na (n—1)+na "

TIf the real shocks of all countries are exactly the same (perfectly correlated real
shocks), then the coefficients in the A matrix imply that the real shocks of the n — 1
other countries cancel out the second part of the diagonal term for country 7 leaving

only the effect of the own country shock with a coefficient of unity (Z?il o
(n—1)« )

P Wy Perfectly correlated real shocks then imply no benefit to floating versus a
one-world currency.

8If the monetary shocks of all countries are exactly the same (perfectly correlated
monetary shocks), then the coefficients in the B matrix imply that the monetary
shocks of the n — 1 other countries cancel out the own country monetary shock such

that monetary shocks have no effect on GDP volatility (Z?_l = éﬁ;_‘l_)no‘a)
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(n—k)a (n—k)a (n—k)a —a —a

k((n—1)4na) k((n—1)+na) k((n—1)+na) (n—1)4+na (n—1)4+na ***

(n—k)a (n—k)a (n—k)a —« —«
k((n—1)4na) k((n—1)+na) k((n—1)+na) (n—1)4+na (n—1)4+na ***

(n—k)a (n—k)a (n—k)a e —a
k((n—1)4na) k((n—1)4+na) k((n—1)+na) (n—1)+na (n—1)+na ***
B — n—D)+na (n—D)fna "

—a —a —a —a (n—1a —a
(n—1)+na (n—1)4+na (n—1)4na (n—1)+na (n—1)+na (n—1)+na °*°

—« — — — —Q (n—l)a

(n—1)+na (n—1)4+na (n—1)4na (n—1)+na (n—1)+na (n—1)+na **°

Where the top left corner of each matrix is characterised by k * k
terms for a monetary union of size k (where k& < n). As can be seen
from the diagonal terms of A, the smoothing effect of the exchange rate
is now reduced. The denominator of the second term of these diagonal
elements is now multiplied by k. The exchange rate of the monetary
union now reflects the real shocks of the whole monetary union and not
an individual country member and hence the cost of joining a monetary
union is that the exchange rate of the monetary union will not reflect so
well the real shocks to that individual country. Note also that a positive
idiosyncratic real shock to a country j that is part of a monetary union
with 7 is contractionary for 7 as it causes an appreciation of the common
exchange rate against other currencies.

On the other hand, from the B matrix, for the partial monetary
union case, we can see that the monetary shocks for the members of
the monetary union are also reduced in absolute size - the denominator
of the elements corresponding to members of the monetary union are
multiplied by & and the numerator multiplied by (n — k) rather than by
n — 1. The benefit of joining a monetary union is then that monetary
shocks are reduced. However, a positive monetary shock to country
j that forms a monetary union with ¢ is expansionary for country i,
as it produces a depreciation in the common exchange rate with other
currencies.

Note that in this symmetric case, if the first £ countries form a mon-
etary union then there is no effect on the other n — k countries. This
however is a result of symmetry and does not carry over to the non-
symmetric case. In general, when two countries form a monetary union,
there will be an effect on third countries. Unfortunately without sym-
metry we do not find tractable analytical solutions for the matrices A
and B, so we illustrate the results below with numerical simulations.
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In summary, forming a monetary union has a cost, relative to floating,
in terms of reducing the smoothing effect of the exchange rate in the
context of real shocks but also a benefit in that monetary shocks may
be diversified across the members of the union. However, there are also
more subtle effects in that within the union the real and monetary shocks
of other monetary union members will have an effect on the common
exchange rate.

3 A Set of Simulations: the model in action

So far our model provides a simple reduced form to understand many
issues discussed in the literature regarding monetary unions. To further
illustrate the workings of the model, in this section we report the results
of a set of simulations. Our aim is to understand the implications
for GDP volatility under different exchange rate regimes given different
constellations of parameter values. Here, we consider the symmetric
case where each country has the same weight, w;;. In the empirical
section below, we enhance the realism of the simulations by using weights
calculated from the direction of trade statistics.

3.1 Small versus large monetary shocks

In the first simulation, the size of the monetary shocks (individual and
systemic) are set to be 10% of the size of the real shocks. In this sim-
ulation all the A’s for all the countries are set equal to one and the
« parameter is set equal to 0.1 suggesting that floating exchange rates
may smooth real shocks with a half-life of 6 periods. Figure 1 graphs
each country’s GDP volatility with different assumptions regarding how
many countries form a monetary union. If all countries float, and as the
model is totally symmetric, all countries have the same GDP volatility (
the variance in this case is 1.83). This is the axis closest to the reader.
If country 1 and 2 form a monetary union, then their GDP volatility
rises as shown at the extreme left of the figure. The cost of having a
joint exchange rate in terms of not smoothing the individual real shocks
outweighs the benefits of reducing the (small) monetary shocks. How-
ever, in this symmetric case, other countries are unaffected by country
1 and 2 forming a monetary union. As more countries join the mone-
tary union, this is bad for the monetary union as the common exchange
rate is less effective in smoothing the real shocks of each country. The
opposite extreme is with all countries in the monetary union (one world
currency), in which case they all have the same GDP volatility in this
symmetric case. This is clearly the worst result for all producing the
highest GDP volatility.

12
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Figure 1:

A World of Small Monetary Shocks

In a second simulation, we increase the size of the individual mon-
etary shocks from 10% to double the size of the individual real shocks
maintaining the other parameter values as before. The situation changes
dramatically as illustrated in Figure 2. Now floating is the worst case
with each country having the same and high GDP volatility as repre-
sented by the closest edge of the figure. If country 1 forms a monetary
union with country 2 its GDP volatility falls as can be seen at the ex-
treme left of the figure. The reason is that now these two countries
diversify the high individual monetary shocks and this outweighs the
cost of adopting a common exchange rate which smooths less effectively
the (relatively small) real shocks. Again in this symmetric case, other
countries are unaffected. As more and more countries join this union this
is good for each country that joins and it is also good for the monetary
union again due to the diversification effect. The best case is when all
countries join the monetary union (one world currency) as represented
by the far edge of Figure 2.

13
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Figure 2:

A World of Large Monetary Shocks

3.2 An Anchor Country

In this third simulation, we assume n — 1 countries have the parameters
of the previous simulation but we modify the parameters for the first
country. In particular we consider this to be an anchor country with
low individual monetary shocks equal to 50% of the individual monetary
shocks of the other countries. Hence when all countries float, the anchor
country has lower GDP volatility than the other countries. This is
represented at the point closest to the reader in Figure 3 below. Along
the right edge of the graph close to the reader, it can be seen that the
GDP volatility of other countries is relatively high. However, if country
2 now joins country 1 in a monetary union this is good for country 2
but bad for country 1. As more countries enter the monetary union
this is increasingly bad for the members of the union (the best result
for country 2 is that only it forms a monetary union with the anchor)
although the marginal increase in volatility falls as the size of the union
increases.

14
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Figure 3:

An Anchor Country

3.3 A Natural Monetary Union

In this simulation we postulate that there are two types of countries in
the world. Countries 1 to 4 have large individual monetary and high
and equal sensitivities to the real world shock (3%). These countries
then form a natural monetary union as the cost of having a common
exchange rate is reduced as they suffer similar real shocks and the benefit
in terms of diversifying the large montary shocks is greater. Countries
5 to 8 have similar parameters to our first simulation such that they
are natural floaters. To make the difference between the two groups
more pronounced we reduce their sensitivities to the world systemic real
shock to zero such that the cost of joining a monetary union is increased.
The result of considering monetary unions between these eight countries
is illustrated in Figure 4 below. If all countries float, the four first
countries have considerably higher GDP volatility as they are subject to
higher monetary shocks. It is beneficial for the first four countries to
form a monetary union. In fact for each of these countries it is best
to be in a monetary union with the other 3. This is because it reduces
the effect of the monetary shocks and as discussed there is little cost as
the sensitivities to the world real systemic shock are all high and equal.
On the other hand note that if country 5 joins the monetary union this

15



is bad for country 5 and bad for the 4 existing members. As country
5 has low monetary shocks, and a different sensitivity (from that of the
monetary union) to the world real shock, it pays a high price for the
common currency. Also admitting country 5 to the monetary union
is bad for the existing members as, in this case, the cost of having a
country with very different real shocks outweighs the beneficial effect of
admitting a country with low monetary shocks.
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Figure 4:

A Natural Monetary Union

4 EMU, Nafta and a One World Currency

In this section we report the results of calibrating this reduced form to
real data. In order to do this we must estimate 1) the systemic real
and monetary factors, 2) the sensitivities of each country’s real GDP
and nominal exchange rate to those systemic factors, 3) the individual
or non systemic real and monetary shocks, and finally, 4) the parameter
« which governs how well a floating exchange rate that only responds to
real shocks would smooth real GDP.

A natural way to extract the systemic factors is through a factor
analysis. We work with the log changes in real GDP and of nominal
exchange rates of the countries listed in Table 1. As we wish to analyze
the effects of EMU, as well as other monetary arrangemets on individual
EMU members, we need to consider data before the commencement of
the Euro. Thus our quarterly data spans the period from 1Q 1980 to
4Q 1998. During this period, despite the several attempts to limit the
volatility of nominal exchange rates, there was sufficient exchange rate
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fluctuation to allow us to estimate the required parameters’. The results
of the factor analysis is included in Appendix 1. When we extract two
factors using principal components, it turns out that one factor appears
to explain more the real GDP movements while the second explains
better the nominal exchange rate fluctuations. However, this allocation
is not perfect and it is also well-known that the factors are not unique.
Thus, we apply a quartimax rotation that attempts to explain each
variable by the minimum number of factors. In our case, as we only
admit two factors, it tends to increase the weight on the factor that
explains most of a particular variable and reduces the weight on the
other factor. This suits our purpose perfectly as the rotated factors then
correspond more closely to a "real" factor that explains GDP movements
and a "nominal" factor that explains nominal exchange rate movements.
The quartimax rotation also maintains the orthogonality between the
two factors!?.

Having obtained two orthogonal factors in this way, we then run a
Vector Autoregression (VAR) for each country including four lags of real
GDP and the nominal exchange rate as endogenous variables and the
two factors as exogenous variables. We do this for various reasons.
First, a useful check on the selection of the factors is to assure that
the "real factor" is significant in the equation for real GDP and not
significant for movements in exchange rates and that the nominal or
monetary factor is significiant in the equation for movements in the
nominal exchange rate and not in the equation in real GDP. We find that
this the case for all countries except in the equation for the French Franc
where the systemic real factor appears to be very marginally significant
- these results are detailed in Appendix 1. The fact that in general, the
real factor drives real GDP “s but not nominal exchange rates, and vice
versa for the monetary or nominal factor (and that the two factors are
orthogonal by construction), gives us some comfort that these systemic
factors correspond fairly closely to the real and to the nominal shocks
respectively.

The coefficients on the systemic factors in the VAR'’s are exactly the
beta coefficients that we need to calibrate the model. The "real beta"
is the coefficient on the real systemic factor entered as an exogenous
variable in the VAR and the "nominal beta" is the coefficient on the
nominal systemic factor in the VAR. In all cases, these coefficients are
statistically significant. In Table 1, we give the estimated parameters
for the countries that we incorporate in the simulations below.

9We measure all nominal exchange rates against the SDR basket.
10The version of the quartimax rotation we employ normalizes the variance of the
factors to unity. This restriction implies that the factors are unique.
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Table 1: Parameter Estimates from Country VAR’s

Real  Nominal 3 Standard Deviations
Individual Individual
Real Shock Nominal Shock

Germany 0.26%  -2.57% 1.24% 1.10%
France 0.28%  -2.18% 0.43% 1.56%
Italy 0.41%  -1.98% 0.44% 2.36%
UK 0.25%  -1.23% 0.48% 3.27%
Canada 0.45% 2.20% 0.66% 1.54%
USA 0.62% 2.33% 0.52% 1.14%
Japan 0.01%  -0.83% 0.76% 3.44%
Australia  0.54% 2.54% 0.61% 3.44%
Chile 1.18% 2.35% 2.65% 4.38%
Mexico 0.53% 5.65% 1.82% 8.59%

Moreover, we take the standard deviation of the error of the real
GDP equation and of the equation for the exchange rate as the standard
deviation of the individual real and monetary shock respectively. This
leaves us only with the parameter o to estimate. ~We calibrate this
parameter such that the actual volatility of real GDP is close to the
volatility suggested by the simulations of the theoretical model if all
countries float. We find that with an a parameter close to 0.1 yields
GDP volatilities in our simulations of a similar magnitude to actual GDP
volatilities.

In each of the following simulations, we consider a single monetary
union that incorporates the first 1 to & countries inclusive. We present
2 different exercises a) EMU and expansions to EMU and b) A common
currency for Nafta and extensions. For these simulations we employ
the non symmetric version of the model and bilateral exchange rates
now differ in importance with regards to smoothing GDP. We employ
the OECD Direction of Trade Statistics to calculate the importance of
each bilateral exchange rate, s;;. We assume that the importance of the
bilateral exchange rate between country ¢ and j in smoothing the GDP
of 7 is related to the total exports and imports of 7 to j divided by the
total amount of exports and imports of country 7. In other words we
assume that w;; = % where X;; refers to the exports of country
i to country j and M;; refers to the imports of country ¢ from country
j. When the model is non-symmetric in this way, there is an effect on a
non-member country if two or more countries form a monetary union.
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4.1 EMU and Beyond

In this first simulation we consider G7 countries in the following order, 1)
Germany, 2) France, 3) Italy 4) the UK, 5) Canada, 6) the US, 7) Japan
with these followed by the rest of the world. The rest of the world is
modelled as one large country. We introduce the beta coefficients and
individual and systemic shock variances as estimated using the factor
analysis and VAR modelling as described above!!.

For the purposes of illustration, we normalize GDP volatility if all
countries float to 100 (otherwise the differences in individual country
GDP volatility swamp the changes in GDP volatility due to the effect of
joining the monetary union). Figure 5 shows the results'?. The leading
left edge of the figure has all countries floating. If Germany and France
(countries 1 and 2), join a monetary union this corresponds to the num-
ber of countries in a monetary union being 2. If Germany, France and
Italy join a monetary union then this variable is 3 etc. The Graph
shows that the euro is a clear cost for Germany (country 1) as its GDP
volatility rises substantially as France and Italy join and in fact contin-
ues to rise (although to a lesser degree) if the UK, Canada and the US
join as well. All in all, GDP volatility for Germany rises by about 4%
if it forms a monetary union with France and 5.1% if the world adopts
a single currency. Interestingly, a worst case for Germany is if the UK
enters. In that case, GDP volatility is some 6% higher for Germany
than if all floated. For France (country 2) there is a cost in joining a
monetary union with Germany and while this cost falls if Italy joins,
French GDP volatility remains higher than if France floated. However,
if the UK also enters then the monetary union delivers roughly the same
GDP volatility for France as floating. In the case of Italy (country 3),
there is a cost if Germany and France form a monetary union and Italy
stays out, but Italy benefits, even relative to floating, on entering and
even more so if the UK enters as well. In the case of the UK (country
4), there is virtually no cost relative to all floating if the other Euro-
pean countries form a monetary union and a benefit to join the Euro of
roughly 3.9% of GDP volatility. This result derives from the UK’s high
nominal shocks estimated in the pre Euro period.

What happens if the Euro zone is extended to be a world and not just
a European monetary union? First, there is very little cost for Canada

For the rest of the world we employ the average values of the parameters across
the coutnries included in Table 1.
12Table A2.1 in Appendix 2 details the actual results.
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if Germany, France, Italy and the UK form a monetary union. It is
very costly for Canada (country 5) to join (GDP volatility rises by 10%
relative to all floating). Interestingly, this is good for all the members
of the Euro zone and especially good for the UK, assuming the UK is a
member. As expected, the cost for Canada of joining a monetary union
with Europe diminishes substantially if the US also joins. In the case of
the US (country 6), again there is very little cost due to the formation
of the Euro even if this includes the UK. If Canada and the US enter
this results in GDP volatility 3% higher for both the US and Canada,
relative to all floating or relative to the current currency configeration
with the Euro. Finally, we note that for Japan (country 7) and the rest
of the world (country 8), there is little effect due to the formation of the
euro, but if a dollar-euro zone is created this benefits Japan to the tune
of about 2% GDP volatility but again with little effect on the rest of the
world.

Finally, we can note that a one world currency has mixed effects for
G7 relative to all floating or in comparison to the current configuration of
the Euro. Relative to all floating, a one world currency would be worst
for Germany and best for the UK. However, relative to the current
configuration of the Euro, Germany has already paid substantial costs
and a one world currency would only imply 1% higher GDP volatility. A
one world currency would benefit France, Italy, the UK and Japan but
represents a cost to the other 3 G7 countries.
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GDP Volatility

Figure 5:

EMU, the UK and a One World Currency

4.2 A Common Currency for Nafta and Beyond

In this simulation we consider a common currency for Nafta and there-
fore we need to change the order, adding further countries and centering
the exercise on the US as the anchor country. The new ordering is then
as follows, 1) USA, 2) Canada 3) Mexico 4) Chile 5) Australia 6) Japan
7) Germany 8) France 9) Italy and 10) the UK, and we include the rest
of the world as country 11. Given this ordering, if only two countries
form a monetary union, these will be US and Canada. If a third coun-
try enters, it would be Mexico, followed by Chile etc. In this case as
discussed above, when countries of very different size form a monetary
union then we believe it is more correct to define the change in GDP
and the monetary shock of the monetary union as Zi:l, » MAGDP; and

> i—1. TiM; respectively where ), ; , m; = 1 and where 7; is the rela-
tive size of country ¢ measured by GDP. This means that when the
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US forms a monetary union with Canada, the "monetary policy" of the
monetary union is not a simple average of the two countries’ policies,
but rather reflects 95% the monetary policy of the US and 5% that of
Canada.

The results of this simulation are illustrated in Figure 6 below and
in Table A2.2 in Appendix 2. The first result is that a Nafta monetary
union would be bad for the US and even worse for Canada, but would
be to Mexico’s advantage. Mexico’s GDP volatility would decrease by
3% - a result of its relatively high monetary shocks. If Chile entered,
this would be very bad for Chile (GDP volatility would rise by 7%)
and given Chile’s small size, this hardly affects the other members of
the union. Australia would not wish to enter this common currency
but Japan would like to enter to make this a pacific currency area. Not
surprisingly, given the results above, Germany would not wish to join and
even if the whole current Euro area joined to make effectively a world
common currency, this would be bad for Germany. However, France
and Italy would gain if the Euro area joined to make a world currency.
Moreover, consistent with our results above, the UK would suffer if it
stayed out and would gain considerably from a world currency area.
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Figure 6: A Common Currency for Nafta and Beyond

@P \Volatility

4.3 Monetary Unions and Parameter Endogeneity

As discussed above, these results assume that the beta coefficients and
the individual monetary shocks remain constant despite the changes in
monetary regimes discussed. However, we might expect the monetary
and real "betas" to converge over time for the countries forming a mon-
etary union. Moreover, it might be argued that with a multi-national
central bank in charge of the monetary policy of a CU, this would boost
central bank independence and credibility and hence the size of the mon-
etary shocks would be reduced. We can also use the model to attempt
to gauge how important these effects are.

In Figure 7, we illustrate how the benefits of the Euro change for its
members as the process of convergence proceeds'®. In this graph the
left edge closest to the reader (degree of convergence zero) is the GDP
volatility of all countries (G7 and the rest of the world in the order of
the EMU simulation above: Germany, France, Italy, UK, Canada, US,
Japan, ROW) assuming that all countries float and have their original
paramter values as above. The line corresponding to a degree of conver-
gence of one, simulates GDP volatility given the existence of the Euro
with Germany, France and Italy as members again with the original
parameter values. Hence this repeats the line in Figure 5 above corre-
sponding to the number of countries in the monetary union being 3. As

13The actual numbers for Graph 7 are given in Table A2.3 in Appendix 2.
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the degree of convergence increases we then adjust a) the real betas, b)
the monetary betas and c) the individual monetary shocks of the 3 Euro
members such that when the degree of convergence is 10, these parame-
ters are all equal for the three countries and converge to the minimum
value across the 3 countries. Most importantly, this means that the
individual monetary shocks converge to the value for Germany.

The Graph illustrates that the Euro, even with full convergence,
still represents a cost for Germany, France benefits from the Euro if
convergence is more than about 50% and Italy gains from the Euro and
gains even more as convergence proceeds. Italy’s GDP volatility is
reduced by 0.1% given its original parameters given Euro membership
but by 14% if there is full convergence. Interestingly, the cost of the UK
staying out rises as the three Euro member countries converge, but the
effect is very small (0.16% of GDP volatility). And the US benefits as
the three members of the Euro converge. As about 5% of US trade is
with France and Italy, and as the individual monetary shocks of these
countries diminish as convergence proceeds, this is likely due to the lower
impact of these shocks on the Euro-dollar bilateral exchange rate and
hence allows this exchange rate to smooth US shocks more effectively.
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Figure 7: EMU and Convergence
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As detailed above, Euro membership for the UK represents a benefit
for that country but a significant cost for Germany. We can also use
the model to investigate if this conclusion changes significantly given
convergence. The answer is no. While the UK benefits with a reduction
in GDP volatility of about 3.9% on Euro membership with the original
parameters, this only increases to 4% with full convergence. ~ While
UK membership increases Germany’s GDP volatility by 6.1% given the
original parameters this is only reduced to 5.9% given full convergence.

Finally, suppose the UK, through greater central bank independence
and the implementation of an inflation targetting regime, manages to
reduce its individual monetary shocks from the value estimated in our
period of floating exchange rates before the inception of the Euro, but
continued to float. Would that give rise to a greater benefit as joining
the Euro for the UK? We find that this is indeed the case. If the UK
reduced its individual monetary shocks to 2.2%, half the way from the
estimated value of 3.3% towards Germany’s estimated value (1.1%), then
this gives the UK the same benefit as joining the Euro (about 3.9% of
GDP volatility). And in that case, Euro membership would represent a
cost to the UK of about 2% of GDP volatility - assuming no convergence
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in the other parameters. The UK would, however, still benefit from a
one world currency. If the UK reduced its individual monetary shocks
all the way to Germany’s estimated 1.1%, then this reduces UK GDP
volatility by 9.5% if the UK continues to float and Euro membership
becomes more costly - over 7% of GDP volatility.

Turning to the case of Nafta, above we found that a Nafta monetary
union was a cost for the US, a greater cost for Canada but a benefit
for Mexico. If we allow the parameters of the countries concerned to
converge to US values, do these results change? In fact, the broad con-
clusions remain the same. However, we find that convergence to US
parameter values actually implies a cost for Canada and Mexico. While
convergence implies Mexico’s individual monetary shocks are reduced
from 8.6% to about 1.1%, the common currency monetary policy is dic-
tacted essentially by the US anyway, so that once Mexico has joined,
its monetary shock parameters are essentially irrelevant. On the other
hand the US’s real beta is higher than both Canada’s and Mexico’s so
if the latter countries’ real betas converge to that of the US then this
actually represents a cost for them. As the US economy dwarf’s that
of its neighbours, Canada’s and Mexico’s convergence produces only a

very slight reduction in the small costs of a Nafta monetary union for
the US.

5 Conclusions

In this paper, we have developed a simple theoretical framework that
might be thought of as a reduced form of the OCA conditions capable
of being extended to an n-country world. This allows us to consider
the costs and benefits, in tems of GDP volatility, of joining a monetary
union but also a set of third party impacts including the effect on other
members of the union and non members. The model combines a fac-
tor approach with systemic and individual shocks, with the idea that
for some sorts of shocks it is valuable to have exchange rate flexibility
(the real shocks) whereas for other (monetary) shocks, flexibility may
represent a cost.

A set of simulations shows the model in action. Depending on para-
meter values, floating or a monetary union might be the best option for
a particular country and the optimal composition of a monetary union
may change. In general, as more countries join a monetary union, there
is a tradeoff between the diversification effect (diversifying individual
monetary shocks) against a cost of including more countries with dif-
ferent sensitivities to the systemic real shock - the "real betas". The
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exchange rate of the monetary union will then tend to reflect less the
monetary shocks but also will reflect less the real shocks of a particular
country member. The smoothing role of a floating exchange rate is then
diminished but the cost of a floating exchange rate more vulnerable to
nominal shocks is also diminished.

We then present two empirical applications of the model. 'We employ
a principal component technique combined with a quartimax rotation
in order to define a systemic real and a systemic nominal factor. We
then estimate VAR'’s country by country introducing the systemic factors
as exogenous variables and obtain the necessary parameter estimates
for the model. The first application considers the introduction of the
Euro, UK membership and the possible extension of the Euro to a one
world currency. We find that the Euro is a cost for Germany and
France but a benefit to Italy and the UK. However, UK membership
increases the cost to Germany. Extending the Euro to a truly world
currency would benefit France, Italy, the UK and Japan but represents
a cost to the other 3 G7 countries. In our second empirical estimation,
we focus on the debate regarding a common currency for Nafta and
beyond. We find that a common currency would be a cost for the US
and especially Canada but would benefit Mexico. Chile would certainly
not wish to enter this common currency area nor would Australia but
Japan would benefit from a pan-pacific currency including Nafta and
the other countries mentioned. As the currency is extended to a world
currency we obtain the same results as above. Germany and the US
and Canada suffer, but only a little more than the current configeration
of the Euro and the world currency is good for France, Italy and the
UK relative to floating. Perhaps of interest to the countries concerned,
Mexico would prefer only a common currency for Nafta than a world
currency but Chile, that prefers a float, is indifferent between these two
alternatives.

We consider this as very much a first attempt at applying a simple
but general and flexible theoretical framework to the problem of optimal
currency areas. We offer the results as suggestive rather than definitive.
We hope that the theoretical ideas of how to model OCA conditions in a
truly n-country case may provoke further interest in both the theoretical
and empirical aspects. In particular trying to pin down what the real
and the monetary individual and systemic shocks are, how monetary
policy might be introduced and how the shocks and policy rules might
be best estimated in the context of such an analysis are all potential
areas where further progress might be made. We believe the overall
theoretical framework could be further developed and used to analyze a
set of interesting questions in multi-country versions of optimal currency
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area theory and in many practical applications.
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7 Appendix 1

Table Al.1: Factors extracted from changes in real GDP and
changes in nominal exchange rates:
Principal Components and subject to Quartimax rotation

Component Matrix®

1 2

AGDP USA 0.0082 0.7430
AGDP _Japan -0.1210 0.0294
AGDP_Germany 0.0357 0.1510
AGDP UK 0.2070 0.5610
AGDP_France 0.2930 0.4970
AGDP_ Canada -0.0382 0.6060
AGDP __Australia 0.0044 0.6760
AGDP _Italy 0.2420 0.6180
AGDP _Chile 0.0465 0.3980
AGDP _Mexico -0.0139 0.1900
AFX USA 0.8830 -0.0871
AFX Japan -0.1410 0.1000
AFX Germany -0.9090 0.0908
AFX UK -0.3510 -0.0316
AFX France -0.8330 -0.0342
AFX Canada 0.8120 -0.0301
AFX Australia 0.5440 -0.1990
AFX Italy -0.6860 -0.0447
AFX Chile 0.4660 -0.2680
AFX Mezico 0.5180 -0.1050

Extraction Method: Principal Component Analysis.
%2 components extracted.
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Rotated Component Matrix®

1 2
AGDP _USA -0.1060 0.7350
AGDP _Japan -0.1240 0.0106
AGDP _Germany 0.0121 0.1550
AGDP UK 0.1190 0.5860
AGDP_France 0.2140 0.5360
AGDP_Canada -0.1310 0.5930
AGDP _Australia -0.0992 0.6690
AGDP _Italy 0.1450 0.6470
AGDP _ Chile -0.0149 0.4000
AGDP_Mexico -0.0428 0.1860
AFX USA 0.8860 0.0491
AFX Japan -0.1550 0.0774
AFX Germany -0.9120 -0.0495
AFX UK -0.3420 -0.0849
AFX France -0.8180 -0.1610
AFX Canada 0.8070 0.0946
AFX Australia 0.5680 -0.1140
AFX Ttaly -0.6710 -0.1490
AFX Chile 0.5020 -0.1930
AFX Mexico 0.5280 -0.0243

Extraction Method: Principal Component Analysis.
Rotation Method: Quartimax with Kaiser Normlization.
“Rotation converged in 3 iterations.
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Table A1.2: Systemic Factors VAR’s

USA Japan Germany UK France
GDP E.R.| GDP E.R.| GDP E.R. | GDP ER. | GDP E.R.
Systemic
Real 0.62%** —-0.01% |0.01% 0.17% 0.26%* —0.98% 0.25%***  —0.37% 0.28%***  —0.45%**
Factor
Systemic
Nominal | —0.08%  2.32%** | —0.07% —0.83%** | —0.07% —2.57%** | —0.02% —1.22%*** | 0.08% —2.17%***
Factor
Canada Australia Italy Chile Mexico
GDP E.R. | GDP E.R. | GDP E.R. | GDP E.R. | GDP E.R.
Systemic
Real 0.45%**  0.20% 0.53%** —0.21% | 0.41%** —0.46% L.17%**  —0.95% | 0.53%** —0.93%
Factor
Systemic
Nominal | —0.09%  2.19%*** | —0.09%  2.53%*** | 0.07% —1.97%** | —0.42%  2.35%** | 0.03%  5.64%™**
Factor

k, x%, % % significant at 10%, 5% and 1% respectively.
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8 Appendix 2

Table A2.1: EMU, the UK and Beyond
GDP Volatility

Germany France  Italy UK Canada US Japan ROW

1 100.00 100.00  100.00 100.00 100.00  100.00 100.00 100.00

2 104.34 102.02  100.03 100.02 100.00  99.99 100.01  99.99

Numbers of 3 105.61 101.45 9999 100.11 100.00  100.00 100.02 100.01
Countries in 4 106.07 100.49 9949  96.12 100.01  100.02 100.02 100.01
Monetary 5 105.71 97.81 97.59  93.33 110.11 101.26 100.05  99.97
Union 6 105.53 95.72 96.12 90.94 10290 102.65 98.85  99.98

7 105.79 96.15 96.55 91.32 103.08 103.01 98.22  99.98

8 105.11 90.56 9242  87.40 10293 100.80 95.92 102.75

Table A2.2: Nafta Monetary Union and Beyond

GDP Volatility (Normalized)

US Canada Mexico Chile  Australia Japan Germany France Italy UK ROW

1 100.00 100.00 100.00 100.00 100.00 100.00  100.00 100.00  100.00  100.00 100.00

2 100.88 102.91  100.00 100.01 100.00 100.00  99.98 99.93 105.64 99.99  100.00

Numbers of 3 101.68 10296  97.72 100.02 100.01 100.02  99.99 100.00  100.00 100.03  100.00
Countries in 4 101.43 10291  97.72 107.61 100.08 100.12  100.33 482.35 100.92 100.61  99.95
Monetary 5 101.42 10290 97.72 107.62 101.29 100.14  100.00 100.01  100.04 100.09  99.99
Union 6 101.99 103.09 9777 107.78 100.71 98.06  99.99 99.91  99.94  99.95 100.00
7 101.94 103.09 9778  107.79 100.42 97.68  105.89 103.34 102.38 101.32  99.5

8 102.05 103.11 9779 107.82 100.36 97.65  105.77 96.13 103.73 101.99  99.5

9 102.12 103.11 9779 107.83 100.32 97.69  105.79 95.57  95.68 102.08  99.5

10 102.34 103.14  97.80 107.86 100.38 97.78  105.88 95.57  95.77  90.72 99.6

11 101.91 103.04 97.80 107.76  98.92 96.25  105.14 90.94 9254  87.59 102.88
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Table A2.3: EMU, the UK and Beyond with Convergence

GDP Volatility (Normalized)

Germany France Italy UK Canada US Japan ~ROW

Original Float  100.00 100.00  100.00 100.00 100.00  100.00 100.00 100.00
Parameters EMU 105.61 101.45  99.99 100.11 100.00  100.00 100.02 100.01
10%  105.58 101.12  98.44  100.11 100.00  99.99  100.03 100.01

20%  105.55 100.80  96.92  100.12 100.00  99.97  100.03 100.00

30%  105.52 100.47 9544  100.12  99.99 99.96  100.04  99.99

Degree 40%  105.49 100.15  93.98  100.13  99.99 99.95  100.04  99.99
of 50%  105.46 99.83 92,56  100.13  99.99 99.94  100.05 99.98
Converg. 60%  105.43 99.51  91.17  100.14  99.99 99.92  100.05 99.97
70%  105.40 99.19  89.83  100.14  99.98 99.91  100.06  99.96

80%  105.37 098.87  88.52  100.15  99.98 99.90  100.06  99.96

90%  105.35 98.55  87.25  100.15  99.98 99.89  100.06  99.95

100%  105.32 98.24  86.02  100.16  99.98 99.88  100.07 99.94
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